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Abstract
Consider a parabolic equation related to the p-Laplacian. If the diﬀusion coeﬃcient of
the equation is degenerate on the boundary, no matter we can deﬁne the trace of
the solution on the boundary or not, by choosing a suitable test function, the stability
of the solutions always can be established without a boundary condition.
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1 Introduction and themain results
Consider an equation related to the p-Laplacian,
ut = div
(
ρα|∇u|p–∇u) + f (u,x, t), (x, t) ∈QT = × (,T), (.)
where  is a bounded domain in RN with appropriately smooth boundary, ρ(x) =




and showed that, when α > p – , the solution of the equation is completely controlled by
the initial value.








, (x, t) ∈QT , (.)
and had shown that, to consider the well-posedness of equation (.), instead of the whole
boundary condition
u(x, t) = , (x, t) ∈ ∂ × (,T), (.)
only the partial boundary condition
u(x, t) = , (x, t) ∈ p × (,T) (.)
© 2016 Zhan. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.
Zhan Boundary Value Problems  (2016) 2016:78 Page 2 of 8
is necessary. Here, p ⊆ ∂ is just a portion of ∂, which is determined by the ﬁrst order
derivative term ∂bi(u)
∂xi , i = , , . . . ,N . Certainly, the initial value is always necessary,
u(x, ) = u(x). (.)
In our paper, we will consider the well-posedness of the solutions of equation (.). First









‖u‖Vt () = ‖u‖, + ‖∇u‖p,,
and denote by V ′t () its dual. ByW(QT ) we denote the Banach space
{
W(QT ) = {u : [,T]→ Vt()|u ∈ L(QT ), |∇u|p ∈ L(QT ),u =  on T },
‖u‖W(QT ) = ‖∇u‖p,QT + ‖u‖,QT .
W′(QT ) is the dual ofW(QT ) (the space of linear functionals overW(QT )):
w ∈W′(QT ) ⇐⇒
{
w = w +
∑n
i=Diwi, w ∈ L(QT ),wi ∈ Lp′ (QT ),





The norm inW′(QT ) is deﬁned by
‖v‖W′(QT ) = sup
{ v,φ  |φ ∈W(QT),‖φ‖W(QT ) ≤ 
}
.
Deﬁnition . A function u(x, t) is said to be a weak solution of equation (.) with the
initial value (.), if
u ∈ L∞(QT ), ut ∈W′(QT ), ρα|∇u|p ∈ L(QT ), (.)




–uϕt + ρα|∇u|p–∇u · ∇ϕ – f (u,x, t)ϕ
)
dxdt = . (.)








u(x)φ(x)dx, ∀φ(x) ∈ C∞ (). (.)
We can easily obtain the existence of the weak solution.
Theorem . Let us suppose  < p,  < α, f (s,x, t) is a Lipschitz function. If
u(x) ∈ L∞(), ρα‖∇u‖p ∈ L(), (.)
then equation (.)with initial value (.) has aweak solution u in the sense ofDeﬁnition ..
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We mainly are concerned with the stability of the solutions. As in [–], due to the fact
that the weak solution deﬁned in our paper satisﬁes (.), when α < p – , we can deﬁne
the trace of u on the boundary, while for α ≥ p – , the obtained weak solution lacks the
regularity to deﬁne the trace on the boundary. However, in the short paper, by choosing a
suitable test function, we can obtain the stability of the weak solutions without the bound-
ary condition only if α > . In other words, whether the weak solution is regular enough
to deﬁne the trace on the boundary is not so important.
The main result of our paper is the following theorem.
Theorem . Let u and v be two weak solutions of equation (.) with the diﬀerent initial













Comparing with [], the greatest improvement lies in that we do not require any bound-
ary condition, no matter that α < p– or α ≥ p–. At the same time, the nonlinear source
term f (u,x, t) adds the diﬃculty when we use the compact convergence theorem. The
proof of the existence of the weak solution is quite diﬀerent from that in []. Moreover,
we consider the following equation, which seems similar to our equation (.):
ut = div
(|∇u|p–∇u) + f (u,x, t), (x, t) ∈QT , (.)
which has been studied thoroughly for a long time, onemay refer to [–]. Generally, to the
growth order of u in f (u,x, t) should be added some restrictions. Very recently, Benedikt
et al. [] have studied the equation
ut = div
(|∇u|p–∇u) + q(x)uγ , (x, t) ∈QT , (.)
with  < γ < , and shown that the uniqueness of the solutions of equation (.) is not
true. From the short comment, one can see that the degeneracy of the coeﬃcient ρα plays
an important role in the well-posedness of the solutions, it even can eliminate the action
from the source term f (u,x, t). By the way, the author has been interested in the boundary
value condition of a degenerate parabolic equation for some time, one may refer to [].
2 The proof of Theorem 1.2
By [] and [], we have the following lemma.
Lemma . Let q ≥ . If uε ∈ L∞(,T ;L()) ∩ W(QT ), ‖uεt‖W′(QT ) ≤ c, ‖∇(|uε|q– ×
uε)‖p,QT ≤ c, then there is a subsequence of {uε} which is relatively compact in Ls(QT ) with
s ∈ (,∞).
To study equation (.), since f is Lipschitz, without loss the generality, we may assume








– f (uε ,x, t) = , (x, t) ∈QT , (.)
uε(x, t) = , (x, t) ∈ ∂ × (,T), (.)
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uε(x, ) = uε(x), x ∈ , (.)
where ρε = ρ ∗δε +ε, ε > , δε is themolliﬁer as usual, uε, ∈ C∞ () and ραε |∇uε,|p ∈ L()
is uniformly bounded, and uε, converges to u inW ,p (). It is well known that the above
problem has a unique classical solution [–].
Lemma . There is a subsequence of uε (we still denote it as uε), which converges to a
weak solution u of equation (.) with the initial value (.).
Proof By the maximum principle, there is a constant c only dependent on ‖u‖L∞() but
independent on ε, such that
‖uε‖L∞(QT ) ≤ c. (.)











 |∇uε| dxdt +
∫∫
QT
















 |∇uε| dxdt ≤ c. (.)














Now, for any v ∈W(QT ), ‖v‖W (QT ) = ,






 ∇uε · ∇vdxdt +
∫∫
QT
vf (uε ,x, t)dxdt,












‖uεt‖W′(QT ) ≤ c. (.)
Now, let ϕ ∈ C(), ≤ ϕ ≤ , such that
ϕ|λ = , ϕ|\λ = .





































By Lemma ., ϕuε is relatively compact in Ls(QT ) with s ∈ (,∞). Then ϕuε → ϕu a.e.
in QT . In particular, due to the arbitrariness of λ, uε → u a.e. in QT .
Hence, by (.), (.), (.), there exist a function u and an n-dimensional vector function
–→
ζ = (ζ, . . . , ζn) satisfying




uε ⇀ ∗u, in L∞(QT ),













 ∇uε · ∇ϕ – f (uε ,x, t)ϕ
]
dxdt =  (.)





∂t ϕ + ς · ∇ϕ + f (u,x, t)ϕ
)
dxdt = . (.)
Now, similar to [] or [], we can prove
∫∫
QT




ζ · ∇ϕ dxdt (.)
for any function ϕ ∈ C∞ (QT ), we omit the details here. Thus u satisﬁes equation (.).
Finally, we can prove (.) as in [], we also omit the details here. Then Lemma . is
proved. 
Theorem . is a direct corollary of Lemma ..
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3 The stability of the solutions
As we have said before, by choosing a suitable test function, we can prove the stability of
the solutions without any boundary value condition only if α > .
Proof of Theorem . For any given positive integer n, let gn(s) be an odd function, and
gn(s) =
{
, s > n ,








s ,  < s <

n , (.)
where c is independent of n.
Let β ≤ αp and
φ(x) = ρβ (x). (.)


















































sgn(u – v)∂(u – v)
∂t dx =
d



























(|∇u|p–∇u – |∇v|p–∇v)∣∣ 
φ
dx
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≤ c
(∫



























































































Now, let n→ ∞ in (.). Then
d









Theorem . is proved. 
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